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ABSTRACT

Numericalerrorestimatesareusefulto evaluatetheapplicabilityof overlandandgroundwaterflow

models,andverify thevalidity of their results.In this paper, methodsof estimatingnumericaler-

rorsaredeveloped,andthenappliedto evaluatethenumericalaccuracy of theSouthFloridaWater

ManagementModel SFWMM. Analytical expressionsfor errorsgeneratedduring the propaga-

tion of disturbancesdueto well pumping,boundarywater-level changesandrainfall areobtained

for steadyandtransientconditionsusingFourier analysisof the linearizedgoverningequations.

Dif ferentsituationsunderwhich truncationerrorsareintroducedinto models,andtheir variation

with thespatialandtemporaldiscretizationarediscussed.Numericalexperimentsarecarriedout

with the MODFLOW model,anda numberof implicit andexplicit modelsto verify the results.

Dimensionlessparametersareusedin theexpressionssothattheresultscanbeusedto determine

discretizationerrorsin in any existingor new finite differencemodelof regionalor local scale.
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INTRODUCTION

The numberof computermodelsusedto simulatevariousoverlandflow andgroundwaterflow

conditionshasincreasedrecentlydueto theincreasedneedto analyzeenvironmental,agricultural

anddevelopmentalissues.In SouthFlorida,modelsof differentscalesareusedfor planning,man-

agementandregulationof water resources.Regional modelsareusedmostly to addressissues

relatedto planningandmanagementof waterresources,while mediumandsmall scalemodels,

with county-wideandlocal coverages,areusedfor regulatoryandpermittingapplications.The

multi-agency efforts to implementtherestorationof theEvergladeshavealsoincreasedtheinterest

in, andrequirementfor variousmodelingefforts. As a resultof themultiple andoverlappinguse

of models,the needto understand,andproperlyapply and interpretthe resultsof thesemodels

hasincreasedgreatly. Thecurrentstudyis aimedat understandingtherelationshipsamongspatial

andtemporaldiscretizations,andnumericalerrorsof groundwaterandsurfacewatermodels.Both

steadyandunsteadycasesareinvestigatedfor avarietyof applicationsusedin SouthFlorida.

Most groundwaterand overlandflow modelsare basedon applying a numericalmethodto

solve a parabolicpartialdifferentialequationthat is sometimesreferredto asthediffusionequa-

tion. Dif fusion flow modelsof varying resolutionsareusedto examinehydrologicprocessesat

differentscales.Numericalmodelsof any scalecontainuncertaintiesdueto inaccuraciesin the

inputs,parameters,andalgorithms. Input uncertaintyis dueto inaccurateor inadequatespatial

andtemporalinput datasuchasrainfall, andevapotranspiration.This causeof uncertaintycanbe

reducedby improving thedataquality andthedensityof thedatacollectionnetwork. Parameter
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uncertaintyis mainly dueto inaccuratevaluesof spatiallyvaryingphysicalcharacteristics.This

errorcanbereducedsomewhatby calibration(Neuman,1973,Willis andYeh,1987,Lal, 1995).

Numericalerrorsareconsideredto bethesourceof algorithmuncertaintydiscussedin thepresent

paper. Variousunconditionallystablenumericalmethodsusing implicit or othermethodshave

madeit possiblefor modelersto usealmostany discretizationwith computermodels.Unlike ex-

plicit methods,wherethereis someerrorcontrolbecauseof thestabilitycondition,implicit models

suchasMODFLOW needguidelinesto selectdiscretizationssothat theerror is known andcon-

trolled.

RichtmyerandMorton (1967)have compiledmany of thebasicdevelopmentsbehindconsis-

tency, convergenceandstabilityof parabolicandotherproblems.In many of theearlyapplications,

theprimarymethodof numericalerrorcontrol is to usea discretizationthatsatisfiesthestability

conditionsderived usingVon Neumanandothermethods. Error analysisof partial differential

equationsgenerallyprovides an order-of-magnitudeestimate. Error control is commonlyused

whensolving initial valueproblemsthat involve ordinarydifferentialequations,asin theRunge-

Kutta-Fehlberg methodandtheAdamsvariablestep-sizepredictor-correctormethod(Burdenand

Fairs, 1985). AndersonandWoessner(1991)suggestedthat empiricalmethodsbasedon model

convergenceshouldbe appliedto control numericalerrorsin MODFLOW applications.Hirsch

(1989)usedamethodfor erroranalysisbasedon linearizationandFourierAnalysis.Thismethod,

which is similar to theVon Neumanmethodfor stability analysis,hasbeenusedfor diffusionand

otherequations.Lal (1998)usedthesamemethodwith additionalexpressionsderivedfor compu-
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tationaltimeto evaluateandcomparethecomputationalperformancesof variousnumericalmodels

usedto solvediffusionequations.Thesubjectof erroranalysisandoutputevaluationhasbecome

increasinglyimportantbecausethespaceandtimediscretizationsusedin somemodelapplications

arearbitrarilychosen.Theuseof unconditionallystableimplicit methodshasalsocomplicatedthe

useof the stability conditionasan error control. The currentstudyextendsthe ideasof Fourier

analysisusedby Hirsch (1989)andLal (1998a)to develop expressionsfor numericalerrorsof

many groundwaterflow andoverlandflow models.

Numericalerrorsareintroducedwhenthe solutionto the governingpartial differentialequa-

tions is representedby discretevaluesin the model,andwhenthesediscretevaluesareusedin

numericalcomputationsin thefinite differencemethod.Numericalerrorsintroducedin therepre-

sentationof dataandduringcomputationsarediscussedin thepresentpaper. Stressesanderrors

dueto conditionscommonin SouthFloridasuchasvariablewaterlevelsin canals,variablepump-

ing ratesin wells, andvariablerainfall are analyzedseparately. The principle of superposition

makesit possibleto combinethesecases.Theerroranalysisis conductedfor anarbitraryFourier

componentand the steadystate. The resultsarepresentedin dimensionlessforms andverified

usingMODFLOW andothermodels.Theresultscanbeusedin a wide varietyof practicalprob-

lemsto determinenumericalerror. An applicationof themethodis presentedto demonstratethe

evaluationof anoverlandflow modelanda groundwaterflow modelfor SouthFlorida.

NUMERICAL SOLUTION OF THE DIFFUSION EQUATION

Two dimensionalgroundwaterflow andoverlandflow canbeexplainedusingthe following gov-
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erningequation.For overlandflow, theequationis derivedby neglectingtheinertiatermsin theSt

Venantequations.(HromadkaandLai, 1985,Lal, 1998).

sc
∂H
∂t

� ∂
∂x

�
K

∂H
∂x ��� ∂

∂y

�
K

∂H
∂y ��� S (1)

in which, H � h � z � water level or waterhead;S � sourceandsink termsrepresentingrain-

fall, evapotranspirationandinfiltration. For overlandflow, h � waterdepth;K � h
5
3

nb � Sn
whenthe

Manning’sequationis used;nb
� Manning’scoefficient; Sn

� watersurfaceslopeandsc
� 1. For

groundwaterflow, sc
� storagecoefficient;K � transmissivity of theaquifer, assuminganisotropic

material;K � kch̄ for unconfinedflow in which h̄ � waterdepthof the saturatedlayer andkc
�

hydraulicconductivity. Theflow vectoris computedusing�
Q � K

�
∇H (2)

in which,
�
Q � flow vectorgiving flow rateperunit width. Whenaweightedimplicit finite volume

formulationis used,(1) canbeexpressedfor anarbitrarycell as(Lal, 1998)

Hn � 1
i 	 j � Hn

i 	 j � α Qnet 
 Hn � 1 � ∆t
sc∆A � 
 1 � α � Qnet 
 Hn � ∆t

sc∆A � S̄∆t
∆A

(3)

in which∆A � areaof thecell; Qnet
� netinflow to thecell; α � weightingfactorfor semi-implicit

schemes;n � time step;S̄ � weightedaveragesourcetermfor theareaduringthetime step.For

therectangulargrid usedin thestudy, Qnet 
 H � is givenby
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Qnet 
 H � � Ki � 1
2 	 j 
 Hi � 1 	 j � Hi 	 j � � Ki 
 1

2 	 j 
 Hi 
 1 	 j � Hi 	 j �
� Ki 	 j � 1

2

 Hi 	 j � 1 � Hi 	 j � � Ki 	 j 
 1

2

 Hi 	 j 
 1 � Hi 	 j � (4)

Explicit andtheimplicit methodsareobtainedby usingα � 0 and1 � 0 with (3) and(4).

NUMERICAL ERROR ANALYSIS

Numericalerrorsarepresentin computermodelsbecauseof theuseof discretevaluesto represent

continuousfunctionsexplaining flow conditions,and the useof numericalmethodsto approxi-

matelysolve the governingequations.Texts by RichtmyerandMorton (1967)andSod(1985)

aretwo of the early andrecentbooksthat describethe generalmethodsof Fourier analysisand

complex analysisusedin analyzingnumericalmethods,andin analyzingerrorsin thecurrentpa-

per. Hirsch(1989)describedtheadaptationof someof thesemethodsof stability analysisto error

analysis.

In this paper, errorsareconsideredto beintroducedin threedifferentwaysevenif they canall

beclassifiedastruncationerrors.

(A) Errorsareintroducedwhentheinitial andboundaryconditiondataarerecordedandprovided

to themodelasdiscretevaluesin time andspace.Dueto this typeof error in ”representa-

tion”, spectralcomponentsin thesolutionwith frequenciesor wavenumbersaboveacertain

valueareeithercompletelytruncated,or not representedaccurately.

(B) Errorsareintroducedif the internaldiscretizationof themodelis not sufficient to carry the
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solutionover the entiretime andspacedomain. For example,even if the time stepis suf-

ficient to describea boundarydisturbance,if the spatialdiscretizationis inadequateat any

point in its path,thesolutionmaynot propagateaccurately.

(C) Numericalerrorsarealso introducedwhencomputationsarecarriedout using the Fourier

componentsthatareleft over anddid not vanishdueto reasonsgivenin (A) and(B). Com-

putermodelsarebasedon numericalapproximationsfor derivatives,etc. They usefinite

differencesand other methodsfor theseapproximations. The truncationerrorsresulting

from theseapproximationsareconsideredhere,andarecomputedusingFourieranalysis.

Higherfrequency componentsin thesolutionaresubjectedto theseerrorsmorethanthelower

frequency components.They will bequantifiedusinganarbitraryFouriercomponentof thesolu-

tion. Assumingthata componentcanbedescribedusingits wavenumberk (k � 2π � wavelength)

or frequency f ( f � 2π � period),thefollowing approximateexpressionswereobtainedfor timeor

spacediscretizationerrors(A) and(B) of 1-D and2-D problems.A MonteCarlomethodwasused

to determinetheseerrorsby representingalargenumberof different1-D and2-D waveshapeswith

randomwavenumbersandrandomphaseshiftsusingauniformgrid, andestimatingthemaximum

errorsbetweenthetruesolutionandthelinearly interpolatedgrid–basedsolution.

φ � 0 � 5 � εd or εd
� 4 � 0 φ2 for 1-D (5)

φ � 0 � 35 � εd or εd
� 7 � 8 φ2 for 2-D (6)

in which,εd
� maximumpercentagediscretizationerror. Thespatialdiscretizationerrorεd exists

evenwith the smallesttime stepspossible.φ � k∆x is the dimensionlessform of ∆x. The same
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equationappliesfor time discretizationswhenφ is replacedwith ψ in which ψ � f ∆t. Quantity

φ wasalsousedby Hirsch (1989)to make ∆x dimensionless.εd only dependson the geometri-

cal shapeof thewave form. For 1-D problems,1% and5% errorsin discretization,for example,

correspondto φ or ψ equalto 0.5 and1.1 respectively. For 2-D problems,they correspondto φ

or ψ equalto 0.35 and0.80 respectively. An easierway to visualizeφ or ψ is to considerthat

approximatelyπ
φ grid spacesor discretizationsareneededto describehalf thewavelengthof asine

wave. It canbeseenthatapproximatelysix grid spacesareneededover the lengthof half a sine

wave to representit sothat themaximumerror is � 1%. Threediscretizationsperhalf sinewave

or φ � 1.05makesthe maximumerror � 4 � 5%. Equation(6) canalsobe obtainedusingactual

modelruns(Lal, 1998a).

The error explainedin (B) can be understoodby realizing that k and f of a single Fourier

componentarerelatedasaresultof thegoverningequations.Therelationshipbetweenf andk can

beobtainedfor diffusionflow usingsolutionsof theform H � H0eI � kx 
 f t � andH � H0eI � kx � ky 
 f t �
respectively for 1-D and 2-D problemsin which I � � � 1. In the caseof 2-D problems,k is

assumedto bethesamein bothx andy directionsfor simplicity. Substitutingtheabove formsof

thesolutionin thegoverningequations,it canbeshown thatwave numberk of a sinusoidalwater

level variationin a semi-infiniteaquiferis relatedto thedisturbingfrequency f by

f � d
K
sc

k2 (7)

in which, d � 1 and2 for 1-D and2-D problemsrespectively. For a problemwith a constantdis-

turbanceH � H0sin
 f t � maintainedat theboundary, thesamesolutionis truewith d � 2 and4 for
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1-D and2-D problems.

Computational errors

To estimatecomputationalerrors(C), thebehavior of thenumericalschemein responseto anar-

bitrary i th harmonicwith a wave numberki
� iπ

N is comparedwith thebehavior of thegoverning

equationwith respectto thesameharmonic.In theequation,N � L � ∆x in which L is thelengthof

thedomainin x direction.A grid spacingof ∆x would allow a minimumwave lengthλmin � 2∆x

anda maximumwave lengthλmax � 2L. In theanalysis,a termφi definedasφi
� ki∆x is usedto

representthe i th harmonicin dimensionlessform (Hirsch,1989).Thesubscriptis oftenremoved

for simplicity. A termψ � f ∆t canbedefinedsimilarly to representaharmonicin thetimedomain,

in which thefrequency f � 2π � Tp, andTp
� waveperiod.φ is usedasthedimensionlessvariable

to describethespatialdiscretization.

For numericalmethodsbasedon finite differences,ananalyticalexpressioncanbederivedfor

thenumericalerror(Hirsch,1989,Lal, 1998).

ε � 1 ���G � (8)

in which,ε � magnitudeof theanalyticallycomputednumericalerrorpertimestepasafractionof

theamplitude;G � ratio of amplitudesof numericalandanalyticalsolutions,or theamplification

factorof thenumericalmethod.

G � 1 � 4d 
 1 � α � βsin2 
 φ � 2�
1 � 4dαβsin2 
 φ � 2� 1

e 
 dβφ2 (9)

β � K∆t
sc∆x2 = non-dimensionalform of ∆t; d � 1 � 2 for oneand two dimensionalproblemswith
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squaregrids.Equation(8) which is derivedassumingtheanalyticalsolution(7) (Hirsch,1989)can

beexpandedto give

ε ��� d2β2φ4

2 � dβφ4

12 � ����� ��� d2k4K2∆t2

2 s2
c � dKk4∆t∆x2

12sc � ����� (10)

in which � and � signscorrespondto implicit andexplicit modelsrespectively. Thecumulative

numericalerroraftermany time steps,εT , dependson thenumberof time stepsnt , andtheerror

at eachtime stepε. Error εT is boundedby ntε, in which nt
� T � ∆t. This boundis obtainedby

assumingthat theerrorsareadditive. In thesinecycle, theseerrorsareadditive for half thecycle

andsubtractive for theotherhalf. Theboundis

εT � ε
βφ2

T Kk2

sc

� ε
dβφ2 f T (11)

where,k � wave numberof theharmonic;T � maximumdurationover which a givenharmonic

staysin the computationaldomainandaccumulateserrors. Examplesshown below demonstrate

how f T is computed.In theproblemof a waterlevel variationdrivenby a stationaryrainfall pat-

tern, f T � π � 4 becausetheerror is largestaftera quartercycle. In theproblemof a waterlevel

disturbanceat the boundaryof a semi-infiniteaquifer, the disturbancetravels at a speedof f � k,

andcoversa distanceX in time T making f T � kX . It canbe shown using(16) describedlater

that theabsoluteerror in this problemis maximumwhen f T � 1. Similarly it canbeshown that

f T � 3 for mostpracticalapplicationsfor whicherror � 5%.

Equation(11) canbe simplified by using a truncatedTaylor seriesexpansion. For explicit,
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implicit andsemi-explicit 1-D and2-D finite differencemodels,

εT (expl/impl 1-D) � f T φ2

2 
�� β � 1
6
� (12)

εT (semi-impl1-D) � f T � φ2

12
� φ4

12 
 β2 � 1
30
��� (13)

εT (expl/impl 2-D) � f T φ2 
 � β � 1
12
� (14)

εT (semi-impl2-D) � f T � � φ2

6 � 2φ4

3 
 β2 � 1
120

� � (15)

The positive andnegative signsapply for the explicit and implicit methodsrespectively. Semi-

implicit methodsuseα � 0.5. Explicit 1-D and 2-D modelsadditionally requireβ � 0 � 5 and

β � 0 � 25respectively for stability. Numericalexperimentswill latershow thatoffsetsof β suchas

1� 6 and1� 12 in (12) and(13) canbeneglectedespeciallywith implicit methodsusingrelatively

large β. Theabove equationsalsoshow that semi-implicit methodsaresecondorderaccuratein

timebecauseβ is to thesecondpower.

PROPAGATION OF ERRORS

Whenthe water level in a canal,tidal bay or the oceanvaries,a disturbancein headis created

which travelsaway from thesourceof thedisturbance.Waterlevel changesdueto suchstresses

constitutean importantpart of the solution in many models. To understandnumericalerrorsin

suchsolutions,propagationof asinusoidaldisturbanceH � H0sin
 f t � in asemi-infiniteaquiferis

studiedin 1-D. It canbeshown thattheanalyticalsolutionfor headin suchasemi-infinitemedium

is

H 
 x � t � � H0e 
 kx sin
 f t � kx � (16)
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in which, f � 2Kk2 � sc accordingto (7). Theanalyticalsolutionfor dischargeis givenby

Q 
 x � t � � � 2KkH0e 
 kx sin � kx � f t � π
4  (17)

Equation(16) shows that the amplitudeH becomeslessthan 1%, 5% and 37% of the starting

amplitudeH0 when f T � kX ! 5, 3 and1 respectively in which T andX aredescribedearlier

as the time or the distanceof evolution over which errorsaccumulate.Thesevaluesshow that

thewaveformsbecomenegligible aftertraveling aboutonecycle. Insteadof thefixedpercentages

suchas1%or 5%,if thedecayedamplitudeis expressedasa fractionαd of theoriginalamplitude

in (16), theratio of theamplitudesof H 
 x � t � andH0 or exp 
 � kx � � αd canbeusedto expressthe

exactsolution(7) as

scX2

KTp

� 
 lnαd
� 2

π
or (18)

KT
scL2

p

� � lnαd

8π2 (19)

in which,Tp
� periodof thewave;Lp

� wavelength.Theseequationsaresimilar to theequations

derivedby Townley (1995)andusedby Haitjema(1995)for transientstateanalysis.They canbe

usedto determinethe lengthandthe time scalesof a disturbancein a porousmediumwhenthe

disturbancehasaperiodTp or awave lengthLp. Thenumericalerroratadistancex from thepoint

of disturbanceis computedusing(11)and f T � kX asdiscussedearlier.

εT 
 x � � kε
βφ2x (20)

Thisequationshowsthatasapercentage,thenumericalerrorincreaseslinearlywith x. Sincewater

level fluctuationsdecreaseexponentially, theabsoluteerrorfirst increasesandthendecreaseswith
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thedistance,giving amaximumεT of approximately0 � 37φ2β, at f T � kX � 1.

In order to verify the accuracy of the analyticalestimatesfor numericalerror, ε valueswere

computedfor a 1-D semi-infiniteproblemusingbothanalyticalandnumericalmethods.Thenu-

mericalexperimentinvolvedstudyingthedecayof theamplitudeof a sinusoidalboundarydistur-

bancewith distance.The error in the amplitudeof the numericalmodelεT wasdeterminedby

subtractingtheanalyticalamplitudefrom theamplitudeobtainedfor thenumericalmodel. Equa-

tions (16) and (17) were usedto computeanalyticalamplitudes. The graphof εT againstx is

obtainedby subtractingtheanalyticalamplitudeenvelopefrom themodelamplitudeenvelope.To

obtain the modelamplitudeenvelope,over 1000cycles of sine waveswerepassedthroughthe

domainfirst until a sufficiently steadyinitial initial conditionis reached.Then,theenvelopewas

determinedby sendingover200sinewavesuntil a fairly steadyenvelopecurveis formed.Figure1

shows onesuchamplitudeenvelopefor theMODFLOW model(φ � 0.8,β � 0.78)andits graph

of εT versusnumberof gridspointsfrom theboundary, whenthe total numberof equallyspaced

grid pointsis 100. Errorsat the sinewave peaks(maximums)andtroughs(minimums)areboth

shown. Thegraphof εT versusx is approximatelystraightneartheboundary, andhasa gradient

kε � 
 βφ2 � accordingto (20). Modelvaluesof ε canbeobtainedfor variouscomputermodelsusing

this gradient.Eachof thenumericalexperimentsleadsto onepoint in theε versusβ plot. Since

dimensionlessparametersareused,theactualphysicaldimensionsandphysicalconstantsusedin

the testsarenot important. The analyticalplot of ε versusβ wasobtainedusing (8). Explicit,

semi-implicitandthefully implicit MODFLOW modelsvalueswereobtainedusingα � 0.0,0.5
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and1.0with d � 1.

Figures2, 3 and4 show theε valuesobservedin theADI, explicit andtheMODFLOW(PCG2)

modelsrespectively andthecorrespondinganalyticalvalues.A rangeof φ valuessuchas0.2,0.4

and0.8wereusedin theexperiments.All thefiguresshow thattheanalyticalandnumericalplots

of ε agreevery closely, implying that the analyticalexpressionsderived for numericalerror are

accuratefor themodelsinvestigated.Theseresultsaresimilar to theresultsshown by Lal (1998a)

obtainedusinga water level subsidenceexperiment. Figure3 shows that the error measuredas

the(numericalvalue– analyticalvalue)is smallwhenβ � 0.16,andbecomesnegativewhenβ �
0.16. The dashedline in Figure3 shows that the approximateform of the analyticalsolutionin

(12)basedona truncatedTaylorseriesis alsorelatively accurate.Thebehavior of errorwith β and

φ for aproblemwith a triangularmeshis demonstratedin thepaperby Lal (1998b).
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NUMERICAL ERRORS OF FLOW VELOCITY AND DISCHARGE

In overlandflow andgroundwaterflow modelsbasedon thediffusionequations,dischargeacross

two neighboringcellsis

Qn
i � 1" 2 	 j � K

Hn
i � 1 	 j � Hn

i 	 j
∆x

(21)

in which,Hn
i 	 j andHn

i � 1 	 j aretheheadsof thecells;Qn
i � 1

2 	 j � flow ratebetweenscellsperunit width.

In orderto computethenumericalerrorin theflow, asolutionfor aFouriercomponentof theform

Hn
i
� Hn

0 exp 
 Iφi � is substitutedin (21)to obtainQn
i � 1" 2 � 2KHn

0I sin
 φ � 2� � ∆x. Usingananalytical

solutionof theform H 
 x � t � � H0exp 
 � Kk2t � exp 
 Ikx � for which thenumericalsolutionis Hn
i , the

governingequationcanbeusedto obtaintheanalyticalflow rateasQ 
 x � t � � KkIH 
 x � t � . Theratio

betweennumericalandanalyticalamplitudesof Qn
i � 1" 2 andQ 
 x � t � cannow be usedto compute

thenumericalerrorasεQ
� 1 � 2 �G � sin
 φ � 2� � φ in which �G � in (8) is computedasHn

i � H 
 x � t � . εQ

canberelatedto ε for smallφ usingtheapproximaterelationship

εQ � ε
2sin
 φ2 �

φ
(22)

in which εQ
� numericalerror in discharge for onetime step,asa fractionof theanalyticaldis-

charge for the specificFourier component.Numericalerrorsin flow velocity anddischarge are

givenby thesameexpression.Comparisonof (8) with (22) shows that theerror in theheadand

thedischargeareapproximatelythesame,with theformerslightly higher.

Theaccuracy of (22) canbeverified in thesameway it wasdonefor thehead,by simulating

thepropagationof sinusoidaldisturbancesin head,andobservingthedecayof theamplitudesof

thesinusoidaldischargeratewith distance.Thismethodis similar to themethodusedfor errorsin
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head.Themethodis startedby first runningamodelfor a longperiodof time,passingover10000

cyclesof wavesuntil a fairly steadywave shapeis establishedasthe initial condition. Errorsare

computedby assumingthe analyticalsolution(17) to be exact. The gradientof the error versus

distancecurveis usedasbeforeto computeεQ for themodel.Figure5 showsaplot of εQ with β for

a fully implicit model(α � 1) whenφ � 0.5,1.0,and1.5. Accordingto thefigure,theanalytical

estimatesof errorcomparewell with thevaluesobservedin themodels.

NUMERICAL ERRORS NEAR WELLS UNDER VARIABLE PUMPING RATES

Numericalerrorsof model resultsare large closeto groundwaterwells becauseof the extreme

curvaturein the solution. The Thiem equationprovidesan approximatebut efficient methodto

computewater levels very closeto a well when the water level of the cell is known (Anderson

andWoessner, 1991).Numericalerrorat andneara cell containinga well subjectedto a variable

pumpingrate is investigatedin this section. The resultsareuseful in selectingthe optimal dis-

cretizationfor new models,andin evaluatingtheoutputof existing models.All the formulasare

derivedfor anarbitraryFouriercomponentof thepumpingratetime series.Thewell is assumed

to becircular, andsituatedat thecenterof a squarecell to simplify thederivations.Evenif some

of theseassumptionsmay not be true in the actualapplication,resultsof the studyareuseful in

understandingthebehavior of numericalerrorsnearwells.

Thefollowing equationgoverninggroundwaterflow aroundawell is usedfor theanalysis.

sc
∂H
∂t

� K
r

∂
∂r 
 r∂H

∂r
� (23)

Considera solution in the form H � R 
 r � T 
 t � in which T 
 t � � exp 
 I f t � . Using separationof
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variables,(23) canbereducedto

r2d2R
dr2 � r

dR
dr
� I f Rr2sc

K
� 0 (24)

Using a characteristiclength λ �$# K � 
 f sc
� , radiusr can be madedimensionlessas r̂ � r � λ.

Similarly, t canbemadedimensionlessusingt̂ � f t. Thegeneralsolutionof (24) thatis alsofinite

at r̂ % ∞ canbeexpressedas

H 
 r̂ � t̂ � � cKo 
 r̂ � exp 
 It̂ � (25)

in which Ko 
 r̂ � is a modifiedBesselfunction; c � a constantthat hasto be determinedfor the

specificproblemwith specificboundaryconditions. Considera well of radiusrw pumpedwith

a sinusoidalpumpingrateQ 
 t � � Q0sin 
 t̂ � . Theconstantc canbedeterminedby assumingthat

Q 
 t � � flow rateat r̂ � r̂w of thesolutionin (25) in which r̂w
� dimensionlesswell radius. This

assumptionis valid for most wells in SouthFlorida where the storagecapacityof the well is

negligible. Substitutingc into (25), it is possibleto obtaintheanalyticalsolutionof thepumping

problemas

H 
 r̂ � t̂ � � scQ0Ko 
 r̂ �
2πKr̂wK1 
 r̂w

� sin 
 t̂ � for r̂ ! r̂w (26)

In thecaseof extremelysmalldiameterwells, r̂wK1 
 r̂w
� % 1 asr̂w % 0, and(26)becomes

H 
 r̂ � t̂ � � scQ0Ko 
 r̂ �
2πK

sin 
 t̂ � (27)

Equation26 shows that the amplitudedecaysrapidly with distanceasexhibited by the behavior

of Ko. Equation26 is usedastheexactsolutionwhencomputingthenumericalerror in a square

finite differencecell. Table1 shows the variationof the portion K0 
 r̂ � � 
 r̂wK1 
 r̂w
�&� of (26) asan

indicatorof this amplitude.Thetableshows theinfluenceof thewell; for example,whenr̂ ! 2 � 75



23

andr̂w
� 0.5or less,theamplitudeof thewaterlevel fluctuationwill decayto lessthan5%. When

r̂w
� 0.1,thenr̂ ! 1 � 95 for theamplitudeto decayto 5%.

In orderto determinethenumericalerrorin amodelwhenusedto simulatepumping,a∆x ' ∆x

squarecell containingthewell is simulatedby approximatingit asanaxisymmetricproblem.The

squarecell is approximatedasa circular areaof an equivalentradius. The headat this radiusis

consideredas the modelheadfor that cell. The equivalentproblemis solved by assumingthe

solutionto bein theform (25) with a valueof c to bedeterminedusinga waterbalanceequation.

Integral form of the continuityequationfor thecell is asshown below, in which the first term is

thepumpingrate,thesecondterm is theseepageratethroughthecell wall, andthe third term is

therateof changeof totalwatervolumein thecell.

� Q 
 t � � 2πrcK

�
∂H
∂r � r ( rc

��) ra

r ( 0
2πrsc

∂H
∂t

dr (28)

in whicha radiusrc
� ac∆x is usedto computetheapproximateseepagerateinto the∆x ' ∆x cell.

AndersonandWoessner(1991)usedrc astheradiusof awell atwhich thedrawdown for pumping

rateQ 
 t � is givenby thenumericalsolutionbasedon a grid spacing∆x. Theradiusra
� aa∆x �

radiusat which the squarecell areais equalto the areaof the circle. The valueof ac is 0.208

(AndersonandWoessner, 1991),andthe valueof aa is 0.564because∆x2 � πr2
a. The pumping

rateis assumedasQ 
 t � � Q0sin
 f t � . Thevalueof c obtainedby substituting(25) into (28) is used

in (25) to obtaintheheadin thenumericalmodelas

Hc 
 r̂ � t̂ � � scQ0Ko 
 r̂ � sin
 t̂ � t̂o
�

2πKr̂cK1 
 r̂c
� � 1 � � Mo � r̂a �

r̂cK1 � r̂c �  2� for r̂ * r̂c (29)
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in which,Mo 
 ra
� is definedas

Mo 
 r̂a
� � ) r̂a

0
r̂Ko 
 r̂ � dr̂ (30)

t̂0 � a time lag error which is not investigatedfurther in the currentstudy. Value of H � Hc

obtainedat r̂ � r̂c in (29) is consideredasthenumericalvalueof thecell containingthewell. The

exactsolutionis givenby (26) at a radiusr̂ � r̂c
� 0 � 208∆x. They differ in amplitudeandphase.

Thedifferencein amplitudeis usedto computetheapproximatenumericalerrorby first computing

theratioCc betweentheamplitudesof thenumericalandexactsolutions.Theapproximateerror

in amplitudeis εw
� 100
 1 � Cc

� , comparedto a well of effective radiusrc. Using(29) and(26),

Cc canbeexpressedas

Cc
� 1� 1 � � Mo � r̂a �

r̂cK1 � r̂c �  2 � (31)

To computethe numericalvaluesof εw, r̂c
� ac∆x # 
 f sc � K � and r̂a

� aa∆x # 
 f sc � K � areused

with ac
� 0.208andaa

� 0.564. Table2 shows the valuesof εw obtainedfor variousvaluesof

∆x # 
 f sc � K � . It shows that theamplitudesof headin thenumericalmodelarelessthanor equal

to exact values. Table2 alsoshows that when∆x # 
 f sc � K � is larger thanabout1.4, the error

in thecell containingthewell is morethan5%. When∆x # 
 f sc � K � ! 5,theerror is larger than

43%, andthe cell size is comparatively larger thanthe radiusof influenceof the well. The dy-

namicsof waterlevel fluctuationin thewell at this point aredominatedby thestorageof waterin

the cell. Error εw is the smallestnumericalerror possibleastime step∆t % 0. Linear superpo-

sitioncanbeusedto computetheeffectsof multiplewellswith steadyandunsteadydumpingrates.
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In orderto verify theseresults,a testis carriedoutwith a50X 50cell MODFLOW modelwith

2000m squarecellsin aconfinedaquiferof K � sc
� 500,usingasinusoidalpumpingrateof avari-

ablepumpingfrequency f at themiddle. About 200pumpingcycleswereusedfirst to obtainan

initial conditionfor thetest.About 200morecycleswereusedto obtainthemaximumamplitude

in headfor for a givenfrequency. Thetime stepwasselectedsothatψ � 0.08,andthereforethe

time stepis too small to causesignificanterrors.Table3 shows theεw valuesobtainedusingthe

MODFLOW model,andthecorrespondinganalyticalvaluesobtainedusing(31). It showsthatthe

valuesagreewell, andthat the methodcanbe usedsuccessfullyto computenumericalerrorsin

amplitudeneargroundwaterwells. The results,which do not dependon actualdimensions,also

indirectly confirmthatthevaluesof ac
� 0.208andaa

� 0.564usedaresufficiently accurate.Er-

rorsin thenumericalmodelcanbelargerbecauseof errorsof O 
 ∆t � andboundaryeffects.Errors

further away from the well canbe aslarge asthe fraction of the amplitude.Theseerrorscanbe

determinedapproximatelyusing(11).

NUMERICAL ERRORS UNDER STEADY STATE

Numericalerrorsundersteadystatedueto disturbancescausedby the sourceterm canbe deter-

minedby usingmethodssimilar to thoseusedunderunsteadyconditions.Sincesteadystatesolu-

tionsareboundarydependent,a sourcetermS 
 x � y � � 2E0Kk2exp 
 Ikx � exp 
 Iky � is usedto create

asolutionof (1) farawayfrom theboundariesthatcanbesolvedbothanalyticallyandnumerically.

Suchasourcetermcanbeintroducedusingavariablerainfall distribution. Theanalyticalsolution

of theproblemcanbeshown to beof theform H 
 x � y � � E0exp 
 Ikx � exp 
 Iky � . To obtainthenu-

mericalsolution,consideranarbitraryFouriercomponentHi 	 j � E exp 
 Iφi � exp 
 Iφ j � . Substituting
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this componentin thefinite differenceform of thegoverningequations,andcomputingthe ratio

of amplitudesof numericalandanalyticalforms,anestimatefor thepercentageerrorin amplitude

canbeestimatedas

εs
� 100 + 1 � φ2

4sin2 
 φ2 �-, �.� 100

�
φ2

12 � φ4

240 � ���&� � (32)

in which, εs
� steadystateerror asa percentageof the solutionamplitude.The equationshows

for examplethatεs exceeds5%whenφ exceeds0.763.Thecorrespondingvaluesfor 1%and10%

are0.345and1.064respectively. Equation(32) canbe verified by makingsteadystaterunsfor

conditionswith steadysourcetermshaving sinusoidalintensityvariations. Model runsshowed

thattheerrorequationcanbeverifiedup to 4 decimalplacesof precision.

NUMERICAL ERRORS NEAR WELLS UNDER STEADY STATE

Numericalerrorsarelargenearwellsbecauseof thecurvaturein thesolution.TheThiemequation

is usedto computetheheaddistributionanalyticallywhenthewaterlevel in thecell containingthe

well is known. Thiemequationis expressedas

Q � 2πK
H2 � H1

ln 
 r2 � r1
� (33)

in which, Q � pumpingrate;subscripts1 and2 representthewell andthecell valuerespectively.

r2
� 0.208∆x is usedwith squaregrids.

In order to representnumericalerrors in dimensionlessform, all the errorsare normalized

againstthedrawdown of thecell containingthewell or the”centercell”. Thewell is assumedto

bepositionedat thecenterof thesquarecell. Theproblemof determiningthediscretizationthen
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becomesa problemin geometry, in which theerror in drawdown is expressedin termsof rI � ∆x,

in which rI is theradialdistanceto a referenceelevationor theradiusof influence.Theradiusof

influencecanbecomputedusinga numberof empiricalandsemi-empiricalequationsoutlinedin

the text by Bear(1972). For differentvaluesof rI � ∆x, the numericalerror in the drawdowns of

differentcells includingthecell containingthewell canbeobtainedusingnumericalmodelruns.

Thedrawdownsof differentcellsaremeasuredwith respectto a point at a radialdistancerI, and

theerrorsarecomputedassumingthatthedrawdownscomputedusing(33)areexact.All errorsare

presentedaspercentagesof thedrawdown of thecentercell,whichis assumedto beequivalentto a

well of diameter0.208∆x. A 50 ' 50cell grid wasusedto runthenumericalmodel.Figure6 shows

thevariationof theerrorobtainedfor cellsatvariousdistances.Threelevelsof discretizationgiven

by rI � ∆x � 6 and14 alongtheaxisand7 alonga diagonalareshown in theplots. All theplotsin

log scalefollow anapproximatelylinearbehavior. If rI � ∆x is lessthanabout7, thediscretization

is very coarse,andonly a few pointsareavailableto make a plot in Figure6 makingsucha plot

lessreliable.Thepercentageerrorin thefigurecanbeexpressedapproximatelyusing

ε � 2 � 07exp 
 � 0 � 726
r

∆x
� � ∆x / r � rI (34)

in which,ε � errorasa percentageof thedrawdown in thecentercell. Thesameequationcanbe

written to expresstheabsoluteerroras

Hε
� 2 � 07
 Q

2πT
� log 
 rI

∆x
� exp 
 � 0 � 726

r
∆x
� ∆x / r � rI (35)

Theseequationscanalsobeusedto obtain∆x for a modelif themaximumerrorallowedat a dis-

tancer from thewell is known. Superpositionis possiblewith errorsaswith headsin thecaseof
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multiplewells.

NUMERICAL ERRORS IN THE SOURCETERM

Rainfall andevapotranspirationareconsideredassourcetermsin theequationgoverningoverland

andgroundwaterflow. Thesourcetermis a majorcontributor to stress,mainly in regionalmodels

whenfar awayboundarieshaveonly a limited dynamicinfluence.Stressesintroducedthroughthe

sourcetermcreatewaterlevel variationsthataresubjectto errorsduringcomputationsassociated

with thesourcetermaswell asotherterms.A spatiallyandtemporallyvaryingrainfall patternis

usedto studyerrorsin thesourceterm.

It canbeshown thata solutionin thecomplex form H � H0sin 
 Ikx � Iky � I fIt
� satisfiesthe

governingequation(1) if thesourcetermdescribingrainfall excess(rainfall - evapotranspiration)

is expressedasS � scH0 0 
 f 2
I � f 2

k
� cos
 kx � ky � fIt � γ ��� in which k � thewave number; fI

�
frequency describingthe rainfall pattern; fk

� dKk2, γ � tan
 1 
 fI � fk
� . The above equationfor

H is usedto obtaintheanalyticalsolutionwhencomputingnumericalerrorsduringthefollowing

experiments.

An analyticalexpressionfor the numericalerror createdby the sourceterm is obtainedby

isolating the sourceterm, determiningthe error generatedby it, and combiningwith the error

generatedby thediffusionterm. A solutionof theform H0sin
 fIt
� satisfiesthetruncatedform of

(1) withoutthesecondderivativetermswhenS � sc fIH0cos
 fIt
� . Considerthefollowing weighted
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implicit finite differenceequationfor thetruncatedequation.

Hn � 1
i

� Hn
i � ∆t

sc

 αSn � 1

i � 
 1 � α � Sn
i
� (36)

Numericalerror in (36) canbe computedby comparingthe analyticalsolutioncorrespondingto

Hn � 1
i , or Hi 
 t � ∆t � , which is H0sin
 fIt � fI∆t � , with thenumericalsolutionobtainedby substitut-

ing Sn
i
� sc fIHi cos
 fIt

� in (36). After algebraicmanipulations,εI, themaximumnumericalerror

introducedthroughthesourcetermasafractionof theamplitudecanbeexpressedasapercentage

of theamplitudeas

εI
�21 ψ2

I � 2ψI sinψI � 4sin2 
 ψI

2
�43 1 � α 
 1 � α � ψ2

I 5 (37)

in which,ψI
� fI∆t. For fully explicit andimplicit methods,theexpressionreducesto

εI
�21 ψ2

I � 2ψI sinψI � 4sin2 
 ψI

2
� � ψ2

I

2
� ψ4

I

72 � ����� (38)

TheψI valuescorrespondingto 1%, 5% and10%errorsare0.448,0.673and0.802respectively.

With centraldifferencing,thesenumbersbecome1.073,1.413and1.593respectively. Thenumer-

ical errorasa resultof boththesourcetermandthediffusiontermis assumedto be

εr
� 0 ε2 � ε2

I (39)

in whichε is theerrorin onetimestepdueto thediffusiontermsalone,computedearlierusing(8).

Theaccuracy of εr in (39) is testedby simulatingthestressinducedby two onedimensional

rainfall patternsN � N0sin 
 kx � fIt
�&� traveling in oppositedirections.Thevalueof β requiredto

estimateε is computedusingβ � ψk � φ2 in which, ψk
� fk∆t and fk

� Kk2 � sc. Figure7 shows



30

thevariationof thenumericalerrorfor a fully implicit 1-D modelundersuchsourceinducedflow

conditions. Resultsareshown for two setsof φ andβ values. Up to 20 cyclesof spatialwaves

weresimulatedin theexperimentusing100grid points.Over4000timecycleswereusedto create

the initial conditionbeforethe experimentwascarriedout asbefore. The figure shows that the

numericalandanalyticalestimatesagreeapproximately.

APPLICATION TO AN EXISTING MODEL IN SOUTH FLORID A

A numberof hydrologicmodelsareusedin SouthFloridato solveproblemsof variousspaceand

time scales. Thesemodelsarebasedon the samegoverningequations,andhave many similar

characteristics.The SouthFlorida WaterManagementModel (SFWMM) (SFWMD, 1997,Fen-

nema,et al., 1994)developedby theSouthFloridaWaterManagementDistrict (SFWMD) is one

of theregionalmodelsusedin thearea.SFWMM is a physicallybasedoverlandandgroundwater

flow model. It simulatesflow over a very large part of SouthFlorida. The modelusesa 3.2 km

(2 mile) squaregrid, anda 6 hr. time step. Time seriesdatafor theboundaryconditionsandthe

sourcetermareprovidedat 1 daytimesteps.In orderto evaluatethevalidity of thediffusionflow

assumptionin the model, first considersomewhat extremevaluesof waterdepthh � 1 m, and

slopeS0
� 2–5' 10
 5 in the CentralandSouthernEvergladesduring wet periods.Thesevalues

canbeusedto computethewave periodof theshortestFouriercomponentthatcanbesimulated,

usingTp
� 30# 
 h � g � � S0 � 4 days,assuggestedby Ponce(1978). This equationis basedon a

maximumamplitudeerrorof 5%. Theequationshowsthatthediffusionassumptionis valid unless

eventsof shorterdurationaresimulated.If however the slopesarelarge,andthedepthsarelow

asin certainareasof theEverglades,themodelcansimulateeventsof shorterdurationusingfiner
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discretizations.

The 3.2 km (2 mi) grid andthe 6 hr time stepin the SFWMM canrepresentvariousFourier

componentsin the solutionwith variousaccuracies.Table4 shows errorsof representationde-

scribedin type(A) or (B) for differentFouriercomponents,computedusing(5) and(6). It shows

thattheSFWMM canrepresentFouriercomponentsof wavelengthassmallas18km andperiodas

smallas5.7dayswith anaccuracy of 5%. Usingatypicalhighvalueof K � 250m2 � s for overland

flow obtainedusingh � 1 m, S0 � 2 ' 10
 5 andnb � 1 for the deepportionsof the Everglades,

a Fourier componentof wave length18 km in spacecanbe shown to be associatedwith a wave

periodof 2.5 daysin time accordingto f � 2Kk2. The time steprequiredto representa Fourier

componentof period2.5dayswith amaximumerrorof 5% is approximately0.4days.In thecase

of groundwater, assuminga typical high valueof K � 8 m2 � s foundneartheLower EastCoastof

SouthFlorida,Fouriercomponentsof period77daysandlargercanberepresentedusingthesame

spatialgrid. Datapresentedat 14 day intervals aresufficient to describestressesof this period.

Any high frequency componentin thegroundwaterflow generatedby daily datais not supported

by thespatialgrid.

In order to computethe numericalerror due to water level changesat internal andexternal

boundaries,considera water level fluctuationof amplitude1 m andperiod6 daysneara canal

asan example. The amplitudeat a distanceof 6.4 km or two cells is computedby first obtain-

ing k using f � 2Kk2 as1 � 557 ' 10
 4s 
 1 andthenusing(16). The amplitudeat the distanceis
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1 � 0 ' e 
 kx � 0.37m. Assumingthatφ � k∆x � 0.5,β canbeshown to be0.52. Sinceβ ! 0.25,

it canbeseenthatanexplicit modelis unstableundertheconditions.For an implicit model,the

erroris approximately
 1� 2� kxφ2β or 6.5%of theamplitude,andtheabsoluteerroris 6.5%of 0.37

m or 24mm. Thepercentageerrorin dischargefor thiscaseis alsoapproximately6.5%.Theerror

is largestwhen f T � 1, or at adistanceof 7 km.

Theerrordueto rain drivenwaterlevel fluctuationsis proportionalto therainfall intensity. In

SouthFlorida,this is oneof the largestdriving forcesof hydrology, andalsothe largestpotential

sourceof error in models. For a stationaryrainfall intensitypatterndescribedby a periodof 12

daysandawavelengthof 18km for example,ψI
� fI∆t � 0.524,andtheerrorεI

� 13.6%accord-

ing to (37). For thestressesinducedby this rainfall, φ � 1.1,andβ � 0.52whichgivesεT
� 6.7%

whenusing f T � π � 4 and(12). The total numericalerrordueto bothsourcetermanddiffusion

termcomputationsasaresultof raindrivenflow cannow becomputedusing(39) to give15.2%.If

thewave lengthof therainfall densitypatternis 18 km or less,therainfall datahasto becollected

with a spatialresolutionof 3.2km to maintaina � 5% errorin theinput datainterpretation.When

rainfall datais collectedata lowerresolution,themodelwill containonly thecorrespondinglower

frequency components.In SouthFlorida,shortdurationsmall scalerainfall eventsaccountfor a

large part of the total rain, andhave to be representedaccuratelyif thesecomponentsareto be

representedaccuratelyin models.

To demonstratetheaccuracy of theSFWMM in simulatingwaterlevelsneara pumpingwell,
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useTable2 andselect∆x # 
 f sc � K � � 1.4 for theerror in thecentercell to belessthan5%. With

3.2km cellsandK � 8 m2 � s for groundwater, this correspondsto apumpingcycleof period ! 48

days.Thisexampleshowsthatheadscomputednearawell havelargeerrorsexceptin caseswhere

thepumpingrateschangevery slowly. Table1 shows thattheamplitudedecaysto lessthan0.5%

after5 cells.Thesteadystateerroris lessthat1.1%of thesteadystatedrawdown of thecentercell.

Thenumericalerror in thefinal modeloutputis a combinationof errorsin varioussteadyand

unsteadystatestresscomponents.When the numericalerror is neededat a given point in the

model,thefirst stepis to find thesourcesof thestresses,andtheirspatialandtemporalcharacteris-

tics. Whenthey arefound,theprincipleof superpositioncanbeusedto find theerrorsdueto each

of the stresses.In many partsof the Everglades,stressesaremainly dueto rain andcanallevel

fluctuationsthatresultfrom theoperationof pumpsandwatercontrolstructures.

SUMMARY AND CONCLUSIONS

Thestudyshows thatnumericalerrorsresultingfrom spatialandtemporaldiscretizationscanbe

explainedusing dimensionlessvariablesφ and β respectively. The resultsshows that the error

generallyincreaseswith both φ andβ. For a given spatialdiscretizationφ, it canbe shown that

theerrorcannotbereducedbelow a certainvalueunlessφ is alsoreduced.Similarly, theerrorfor

a given β cannotbe reducedunlessφ too is reduced.Using φ � 1.1 andψ � 1.1 in the caseof

1-D, errorsof spatialandtemporaldiscretizationcangenerallybekeptbelow 5%. Usingnumeri-

cal experimentswith explicit modelsandimplicit modelssuchasMODFLOW, andusingvariable

boundarywaterlevels,variablerainfall patternsandvariablewell pumpingrates,it waspossible
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to show that numericalerrorsin a variety of finite differencemodelscanbe computedusingthe

proposedanalyticalequations.Testresultsalsoshow that theanalyticalerrorestimatesobtained

for steadystateproblemswith a steadyrainfall patternareaccurate.Numericalerrorsotherthan

amplitudeerrorsresultingfrom materialheterogeneities,discontinuities,or boundaryeffectsare

notconsideredin thestudy.

In thecaseof theexperimentusinga variableboundarywaterlevel, the resultsshow that the

maximumerrorasa percentageof theamplitudeincreaseslinearly with distancefrom thebound-

ary. Theresultsalsoshow that themaximumerror in thedischargebehavessimilarly. By usinga

steadywaterheadprofile generatedby a steadyrainfall pattern,it waspossibleto show thatεs !
5%if φ ! 0.763.By usingrainfall patternschangingwith time,it wasalsopossibleto show thatthe

errorεI in computationsinvolving thesourceterm is ! 5% whenψI ! 0.673whereψI describes

thetemporaldiscretizationof therainfall. Usingpumpingexperimentscarriedout at a cell in the

MODFLOW model,it wasshown thatthenumericalvalueof theamplitudein thecell containing

thewell decreaseswith increasingcell size,andtheerror ! 5%when∆x ! 1 � 4 # 
 K � f sc
� . Results

usinga steadystatepumpingproblemshow that theerror in thedrawdown of thecell containing

thewell whenrw
� 0 � 208∆x is about1%,andreducesrapidlywith radialdistance.A summaryof

someof thepracticallyusefulequationsobtainedduringthestudyareshown in AppendixA. The

studyshows that sufficient spatialdiscretizationsandmatchingtemporaldiscretizationsmustbe

usedif agivenFouriercomponentis to berepresentedaccuratelyin amodel.
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APPENDIX A

A Summary of practically usefulequations

TableA.1: Practicallyusefulformulasin approximateform. In the equations,f � frequency of

thedisturbancein waterlevel; K � transmissivity of theaquifer.

Equation Reference

X # 
 f sc � K � � 4.3 X is thedistanceat which a 1-D disturbance

of frequency f would decay to 5% of the

amplitude.

∆x � 1 � 1 # K � f sc ∆x givesthe spatialdiscretizationneededto

representa watersurfaceprofile with 5% ac-

curacy. Theprofileiscreatedbyadisturbance

of frequency f .

∆x � 0 � 5 # Kεd � f sc ∆x neededto representthe samespatialdis-

cretizationwith a εd % accuracy.

K∆t � ∆x2sc
� 0 � 14 ∆t givesthetimestepneededif thenumerical

erroris limited to 5%of thedisturbingampli-

tude.
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∆x # 
 f sc � K � � 1.4 ∆x gives the sizeof a squarecell neededto

solve theamplitudeof awell fluctuationwith

amaximumerrorof 5%.

∆x # 
 f sc � K � � 5 givesa practicallyusefulupperboundof ∆x

thatcanbeusedto modelapumpingwell (er-

ror � 40%).

r # 
 f sc � K � � 2 � 75 r is theradiusatwhichtheamplitudeof awell

with r̂w
� 0 � 5 decaysto 5% of theamplitude

of thewell.

ε � 2 � 07exp 
 � 0 � 726r � ∆x � ε givesthe numericalerror of a steadystate

well asapercentageof thedrawdown.
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APPENDIX B

Definition of variables

Variable Definition

A areasimulatedby themodel(m2).

fI frequency of therainfall pattern.

g gravitationalacceleration.

h waterdepth,(m).

H waterlevel or waterhead(m).

Hε errorin thesteadystatesolutionnearawell.

K transmissivity of aquifer for groundwater flow; h
5
3 � 
 nb � Sn

� for overland flow,

m2 � s.
K0 � K1 modifiedBesselfunctionsof type0 and1.

r radialdistancefrom thecenterof awell.

r̂ � r # 
 f sc � K � � dimensionlessr.

r̂w well radiusin dimensionalessform.

S sourcetermrepresentingrainfall andevapotranspiration.

sc storagecoefficient

T timeduringwhich aharmonicin thesolutionevolves,(s).

x � y distancesalongx � y coordinateaxes,(m).

X distancesat which adisturbanceis measured,(m)

α timeweightingfactorin theweightedimplicit scheme.
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Variable Definition

β K∆t � 
 sc∆x2 � , dimensionlesstimestep.

∆A areaof acell, (m2).

∆x sizeof asquarecell.

ε maximumlocal numericalerrorperonetime stepasa fractionof the local ampli-

tude.

εQ numericalerrorin dischargeasapercentageof discharge.

εs numericalerrordueto computationsassociatedwith thesourceterm,asa fraction

of thelocalamplitude.

εT maximumlocal numericalerrorasa fractionof thelocalamplitude.

φ dimensionlessspatialdiscretizationdefinedask∆x.

ψ adimensionlesstimediscretizationdefinedas f ∆t.

ψI adimensionlesstimediscretizationdefinedas fI∆t.



40

REFERENCES

Anderson,M. P. andWoessner, W. W. (1991). “Applied groundwatermodeling,simulationof

flow andconvective transport”,AcademicPress,Inc., New York.

Bear, J. (1979)“Hydraulicsof Groundwater”,McGraw Hill , New York.

Burden,R. L. andFairs, J. D. (1985). Numericalanalysis, Third Edition, Prindle,Weber&

Schmidt,Boston,MA.

Dongarra,J. J. (1998). “Performanceof variouscomputersusing standardlinear equation

software”,ComputerScienceDept.Universityof Tennessee, ReportCS-89-85,Knoxville, TN.

Feng,Ke,andMolz, F. J. (1997). “A 2-D diffusionbasedwetlandmodel”, Journalof Hydrol-

ogy, 196(1997),230-250.

Fennema,R. J.,Neidrauer, C. J., Johnson,R. A., MacVicor, T. K., Perkins,W. A. (1994). “A

computermodel to simulatenaturalEvergladeshydrology”, Everglades,The Ecosystemandits

restoration, Eds.Davis, S.M. andOgden,J.C.,St. LuciePress,FL, 249-289.

Fitz, H. C.,DeBellevue,E. B., CostanzaR.,Boumans,R., Maxwell, T., Wainger, L. andSklar,

F. H. 91996).“Developmentof a generalecosystemmodelfor a rangeof scalesandecosystems”,

EcologicalModeling, vol 88,263-295.

Haitjema,H. M. (1995). “Analytic elementmodelingof groundwaterflow”, AcademicPress,

New York.

Hirsch,C. (1989).Numericalcomputationof externalandinternalflows, JohnWiley & Sons,

Inc.,New York, N.Y.

HromadkaII, T. V., and Lai, Chintu, (1985). “Solving the two-dimensionaldiffusion flow



41

model”, Proc. of the SpecialtyConf. sponsoredby the HydraulicsDiv. of ASCE, Lake Buena

Vista,FL, Aug 12-17.

Lal, A. M. W. (1995). “Calibration of riverbedroughness”,J. Hydr. Div., ASCE, 121(9),

664-670.

Lal, A. M. W. (1998a).“Performancecomparisonof overlandflow algorithms”,J.Hydr. Div.,

ASCE,124(4),342-349.

Lal, A. M. W. (1998b).“A weightedimplicit finite volumemodelfor overlandflow”, J.Hydr.

Div., ASCE,124(9).

McDonald, M. and Harbough,A. (1988). “A modular three dimensionalfinite difference

groundwaterflow model”,Report06-A1,US GeologicalSurvey, Reston,VA.

Neuman,S. P. (1973). “Calibrationof distributedparametergroundwaterflow modelsviewed

asamultipleobjectivedecisionprocessunderuncertainty”,WaterResourcesResearch, 9(4),1006-

1021.

Richtmyer, R. D. andMorton, K. W. (1967). Dif ferencemethodsfor initial valueproblems,

SecondEdition,J.Wiley andSons,New York, NY.

SFWMD, (1997). “Documentationof the SouthFlorida Water ManagementModel”, Draft

Document,SouthFloridaWaterManagementDistrict, WestPalmBeach,FL.

Sod,G. A. (1985). Numericalmethodsin fluid dynamics,CambridgeUniversityPress, Cam-

bridge,UK.

Strack,O. D. L. (1989). Groundwatermechanics,PrenticeHall, NJ. Townley, L. R. (1995).

“The responseof aquifersto periodicforcing”, Advancesin WaterResources, vol 18,125-146.



42

Willis R.andYeh,W. W. G. (1987).Groundwatersystemsplanningandmanagement,Prentice-

Hall, NJ.



43

FIGURE CAPTIONS

Figure 1: Variation of numericalerror and amplitudewith distancefrom the boundaryfor the

MODFLOW model.

Figure2: Variationof numericalerrorwith spatialandtemporalresolutionsfor theADI method.

Linesshow analyticalvaluesandsymbolsshow valuesobservedin themodel.

Figure3: Variationof numericalerrorwith spatialandtemporalresolutionfor theexplicit method.

Linesshow analyticalvaluesandsymbolsshow valuesobservedin themodel.

Figure4: Variationof numericalerrorwith spatialandtemporalresolutionsfor theMODFLOW

model.Linesshow analyticalvaluesandsymbolsshow valuesobservedin themodel.

Figure5: Variationof error in discharge for a fully implicit model. Linesshow analyticalvalues

andsymbolsshow valuesobservedin themodel.

Figure6: Variationof steadystatenumericalerrorwith radialdistance.

Figure7: Variationof errorin thesourcetermwith ψI. Linesshow analyticalvaluesandsymbols

show valuesobservedin themodel.
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Table 1: Amplitudes of water level fluctuationsgiven by (26) for various well radii r̂w
�

ac∆x # 
 f sc � K � representingvariousdiscretizations.Valuesof K0 
 r̂ � � 
 r̂wK1 
 r̂w
�&� are shown in

thetable.ac
� 0.208.

r̂

r̂w 0.01 0.05 0.1 0.5 1.0 2.0 5.0 10.0

0.01 4.722 3.115 2.428 0.925 0.421 0.114 0.004 1.8 ' 10
 5

0.05 3.128 2.438 0.929 0.422 0.114 0.004 1.8 ' 10
 5

0.1 2.463 0.938 0.427 0.115 0.004 1.8 ' 10
 5

0.5 1.116 0.508 0.137 0.004 2.0 ' 10
 5

2.0 0.407 0.013 6.0 ' 10
 5
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Table2: Variationof εw, theerrorin theamplitudeof thecell containinga well asa percentageof

its exactamplitude,with dimensionless∆x for a squaregrid. Cc, the ratio betweenamplitudesis

alsoshown.

∆x # 
 f sc � K � 0.01 0.02 0.05 0.1 0.2 0.5

Cc 1.0000 0.9999 0.9997 0.9990 0.9967 0.9844

εw 
 %� 4.20010
 7 5.13010
 5 1.35110
 4 1.50810
 3 1.564 10
 2 0.289

∆x # 
 f sc � K � 1 2 5 10 20

Cc 0.9523 0.8886 0.5640 0.2563 4.3228 10
 2

εw (%) 2.13 11.1 43.6 74.4 95.7
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Table3: Comparisonof valuesof εw obtainedanalyticallyandusingtheMODFLOW model.

∆x # 
 f sc � K � 0.54 1.53 6.10 8.63

εw (analytical) 0.4% 6% 52% 68%

εw (MODFLOW) 4% 5% 71% 82%

φ 0.27 0.76 3.05 4.31



47

Table4: Characteristicsof various1-D and2-D Fourier componentsthat canbe representedby

usinga3.2km (2 mile) grid cell anda 1 daytimestep.

Wave length(1-D) (km) 41 18 13 6 4 19

Wave length(2-D) (km) 57 25 18 8 5 27

Max. error(%) 1% 5% 10% 50% 100% 4.5%

Waveperiod(Days) 12.8 5.7 4.1 1.8 1.3 6

Max. error(%) 1% 5% 10% 50% 100% 4.5%
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Figure 1: Variation of numericalerror and amplitudewith distancefrom the boundaryfor the

MODFLOW model.
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